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The ray effects in the YIX method (Hsu, P.-F., Tan, Z.-M., Wu, S.-H., and Wu, C.-Y., “Radiative Heat Transfer
in Finite Cylindrical Homogeneous and Nonhomogeneous Scattering Media Exposed to Collimated Radiation,”
Numerical Heat Transfer—Part A: Applications, Vol. 35, No. 6, 1999, pp. 655–679) for computation of radiative
heat transfer in a three-dimensional nonhomogeneous participating medium are studied. Remedial methods for
the ef� cient treatment of ray effects are presented. To demonstrate the effectiveness of the methods, ray effects
caused by 1) abrupt step changes in the boundaryconditionsand 2) the stepwise variation of the source function are
discussed. In the modi� ed YIX method, the mitigationof the ray effects is achieved by dividingthe radiativetransfer
into emission and scattering components, where the former is solved by numerical integration of the exact integral
formulation of the emission components and the latter by the YIX method separately. A pseudoadaptive angular
quadrature is implemented in the YIX method. This quadrature uses a different number of angular abscissas
in different directions according to the source and the severity of the ray effects. The results by the modi� ed
YIX method and a pseudoadaptive angular quadrature method are compared with the solutions obtained by the
quadrature method (QM). The QM solution is used as the basis of comparison because of its high-order accuracy.

Nomenclature
A = area, m2

a = absorption coef� cient, m ¡ 1

cos(r̂1, r̂2 ) = cosine function with argument is the angle
between two vectors r̂1 and r̂2

e = emissive power, W/m2

f = integrand
G = integrated intensity, W/m2

I = radiation intensity, W/m2 sr
K = kernel function de� ned by Eq. (5)
Nv = number of angular quadrature points in the

volume integral
Nw = number of angular quadrature points in the

surface integral
Nx , N y , Nz = grid size in each coordinate direction
n = number of volume elements between r̂ and r̂ 0 ,

with r̂ 0 at the boundary
n̂ = inward unit normal vector
q = radiative heat � ux, W/m2

r̂ = position vector, m
s = radiation path length, m
t = optical distance; Eq. (9)
ti = distance quadrature abscissa point in optical

coordinate; Eq. (9)
V = volume, m3

Wi = weight of quadrature set
x , y, z = rectangular coordinates, m
h = polar angle, rad
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j = extinction coef� cient, a + r , m ¡ 1

n = dummy variable
r = scattering coef� cient, m ¡ 1

r m = rms error de� ned by Eq. (14)
s = optical distance de� ned by Eq. (6)
U = scattering phase function
} = azimuthal angle, rad
X = solid angle, sr
x = scattering albedo, r / j
!̂ = angular direction unit vector

Subscripts

b = black body
g = medium
s = boundary
0 , 0 0 = dummy variable

Introduction

S OLUTIONS to the equations of radiative heat transfer may be
found in a number of ways, of which the discrete ordinates

method (DOM) has become very commonly used in recent years.1,2

The DOM is based on a discretizedrepresentationof the directional
variation of the radiative intensity. Because it may be carried out to
any arbitrary order and accuracy, the DOM has been used in many
applications, for example, three-dimensionalcylinders,3 nonhomo-
geneous atmospheres,4 nonhomogeneous spheres,5 etc. However,
in multidimensional problems, the DOM may suffer from the ray
effects. The ray effect is the error caused by the � nite number of
angular quadrature to represent the angular variation of intensity
or its moments. This effect is especially evident when the optical
thickness is small and the emissive power in the medium, radiative
property distribution, or the incident radiation from the boundary
has abruptvariation.The ray effect distorts the solutionand needs to
be treated carefully.Ray effects have also beenobservedin other so-
lutionmethods that use discretizedangular quadrature,for example,
the discrete transfer method6 and the YIX method.7

Lathrop8 and Chai et al.9 presented thorough discussions of the
causes of the ray effects. Remedies have been proposed.10 ¡ 12 Lewis
and Miller12 suggested several remedies. For example, they dis-
cussed a method that could smear out ray effects by using piecewise
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continuous approximations to the angular variables. However, for
abrupt, stepwise variation, a higher-order interpolation will be
needed. This approach would not completely eliminate the ray
effect, albeit the approach would reduce its in� uence to a smaller
magnitude.Wu et al.13 proposeda method to remedy ray effects due
to Fresnelboundaries.They improvedthe solutionsbyconcentrating
more discrete ordinates around the critical angles.

More recently, Liou and Wu14 and Ramankutty and Crosbie15,16

used a concept similar to Olfe’s modi� ed differential approxima-
tion17 ¡ 19 by splitting the intensity into two components: one con-
tributedby incidentradiationand the other by medium emission and
scattering.The former canbe solvedexactlywhen theboundarycon-
dition contains nonsmoothsurface emission. The latter is treated by
the DOM with a uniformboundarycondition.The nonsmoothemis-
sion source could cause the ray effects. The technique is explored
further in this study by combining the numerical integration of the
exact integral formulation of the boundary and medium emission
and the solution of the other parts by the YIX method. Because the
former treats the boundary and medium emission exactly, the ray
effects from stepwise boundary and medium emission sources can
be removed. The YIX method is used to handle the scattering com-
ponent,which is not only less likely to be affected by the ray effect,
but tends to smear out the effect if it exists.10 The approach can be
extended to other solution methods.

Another approach is to increase the order of the discretized an-
gular quadrature or discrete ordinates in the directions or regions
where the ray effect is obvious.7 Once implemented, this approach
makes it easy to handle the ray effects caused by various situations.
The ray effect mitigationdepends strongly on the order of the angu-
lar quadrature.However, high-orderangular quadraturecauses long
execution times. The execution time increase can be kept to a mini-
mum if an adaptiveangularquadratureis used, that is, the high-order
quadrature only applies to the regions and directions subjected to
the ray effect instead of to the whole computational domain. This
approach can handle the ray effects from the sources mentioned as
well as those causedby the stepwise radiativepropertydistribution.7

This paper focuses on using two different approaches to mitigate
the ray effect in a three-dimensionalnonhomogeneousparticipating
medium and compares their relative effectiveness. To demonstrate
the ef� ciency of the remedial methods, radiative heat transfer in
a cube with stepwise emissive power in the medium and at the
boundary is examined. Although the posed problems studied here
are arti� cial, theydo resemblepracticalsituationsin turbulent� ames
and combustion systems.

Mathematical Description of the Problem
The equation for variation of the radiative intensity in an absorb-

ing, emitting, and scattering medium along an arbitrary direction is

dI (r̂, !̂)

ds
= ¡ j I (r̂, !̂) + a Ib(r̂)

+
r

4 p

Z

X 0 = 4 p

I (r̂, !̂ 0 ) U (!̂ 0 , !̂) d X 0 (1)

In this study, scattering is supposed to be isotropic, in which case

U (!̂ 0 , !̂) = 1 (2)

The integral formulation of radiative transfer in a three-dimen-
sional,gray,absorbing,emitting,andscatteringmediumwith a black
boundary can be obtained through the integral formulations devel-
oped by Crosbie and Schrenker,20 Tan,21 or Wu et al.22 Black sur-
faces are assumed because the ray effect then will be most evident.
The integrated intensity at any position in the volume is

G(r̂) =

ZZ
K (r̂, r̂ 0 )es (r̂0 ) cos(r̂ ¡ r̂ 0 , n̂) dA(r̂0 )

+
ZZZ

K (r̂, r̂0 )a(r̂ 0 )eg(r̂ 0 ) dV (r̂0 )

+
ZZZ

K (r̂, r̂0 ) r (r̂0 )
G(r̂0 )

4
dV (r̂0 ) (3)

where

G(r̂) =

Z

X 0 = 4p

I (r̂, !̂ 0 ) d X 0 (4)

The � rst or the secondterm on the right-handside of Eq. (3) is called
the driving term (or component) in this work dependingon the given
conditions. The kernel K is de� ned by

K (r̂, r̂ 0 ) =
exp[ ¡ s (r̂, r̂ 0 )]

p j r̂ ¡ r̂0 j 2
(5)

and !̂ is a unit vector in the r̂ 0 – r̂ direction. The optical distance is

s (r̂, r̂ 0 ) =

Z r̂

r̂ 0
j (r̂ 0 0 ) dj r̂ 0 0 j =

Z 1

0

j [r̂ 0 + n (r̂ ¡ r̂ 0 )]¢ j r̂ ¡ r̂ 0 j dn (6)

The radiative heat � ux in the medium and at the surface can be
expressed in forms similar to that of Eq. (3).7,21 Once the integrated
intensity is determined, the radiative heat � ux in the medium and at
the surface are readily calculated.

Numerical Methods
Quadrature Method

In this method,22 integrated intensity and heat � ux are expressed
in integral forms in terms of the moments of intensity. Applying the
product Gaussian–Legendre quadrature formula to the approxima-
tion of volume integrals, the integral equations can be transformed
into a set of algebraic equations.Numerical results of the moments
of intensity at the quadrature nodes are obtained by solving the
algebraic equations.

The success of the quadrature method (QM) depends on the
identi� cation of all discontinuities, including the abrupt change in
the boundary condition or in the source function in the medium.
QM applies numerical quadrature to each integration subinterval
over which the integrand has smooth variation. Therefore, to solve
cases 2a and 2b described in a later section, a composite quadra-
ture is adapted to approximate the z-direction integration over the
domain of [ ¡ 0.5, 0.5] because the medium emissive power has a
discontinuity at the z = 0 interface. For such an integral, a com-
posite Gaussian–Lagendre quadrature is used. One is used for the
subinterval of [ ¡ 0.5, 0] and the other for [0, 0.5].

Frequently, it is necessary to � nd the moments of intensity on the
enclosure surfaces or at interior points that do not match any of the
Gaussian quadraturenodes. Although the variation of the scattering
parts is smooth, that of the driving terms is drastic, especially in
the region around the intersection lines or the interfaces with the
discontinuities and/or the nonsmooth variations from the source
function or the boundary conditions. Thus, instead of interpolating
themomentsof intensityfromthe resultsof thequadraturenodes,we
� nd the driving terms from direct numerical integrationand evaluate
only the scatteringpartsbyLagrangeinterpolation(or extrapolation)
from the results of the quadrature nodes.

The QM method does not produce the ray effect that comes
from the angular quadrature because the discontinuities and/or the
nonsmooth variations from the source function or the boundary
condition are properly accounted for. It generates highly accurate
solutions.22 Therefore, the QM solutions are used as benchmarks
for comparison.

YIX Method

In this method, the volume and surface integrations on the right
side of Eq. (3) are constructed as follows:ZZZ

K (r̂, r̂ 0 )F(r̂ 0 ) dV (r̂0 )

=

Z 4p

0

dX

p

Z R(r̂ , ˆx )

0

exp

"
¡
Z t

0

j (r̂ + !̂t 0 ) dt 0

#
F (r̂ + !̂t ) dt

¼
NvX

i = 1

Wi

Z R(r̂ , ˆx i )

0

exp

"

¡
Z t

0

j (r̂ + !̂i t
0 ) dt 0

#
F(r̂ + !̂i t ) dt

(7)



TAN ET AL. 291

ZZ
K (r̂, r̂ 0 )F(r̂ 0 ) cos(r̂ ¡ r̂0 , n̂) dA(r̂ 0 )

=

Z 4p

0

exp

"
¡

Z R(r̂ , ˆx )

0

j (r̂ + !̂t 0 ) dt 0

#
F(r̂ + !̂ R)

d X

p

¼
NwX

i = 1

Wi exp

"

¡
Z R(r̂ , ˆx i )

0

j (r̂ + !̂i t
0 ) dt 0

#
F(r̂ + !̂i R) (8)

where R(r̂, !̂) is the length of a beam emitted from r̂ in the !̂ direc-
tion and striking the nearest boundary. Nv and Nw are the numbers
of angular quadraturepoints of the volume and boundary integrals.
They depend on the order of the angular quadrature sets used. The
distance integral in Eq. (7) is evaluatedby unevenly spaced integra-
tion points along the angular directions:
Z L

0

K (t ) f (t ) dt =
nX

i = 1

Z ti

ti ¡ 1

K (t) f (t) dt +
Z L

tn

K (t ) f (t ) dt

= k

"
f (0) +

n ¡ 1X

i = 1

f (ti )

#
+ [Pn + 1 + L Qn + 1] f (tn ) (9)

where f (t ) ´ f [r̂0 , (t )] is the unknown at r̂ 0 in the computational
domain, which is divided into Nx Ny Nz volumes and is found by
piecewise constant interpolation. P, L , Q, and ti are quadrature
constants that depend on the kernel function (K ) and the accuracy
requirements.23

The choice of angular quadrature direction and the number of
angular quadrature points (or angular abscissas) are arbitrary for
this method. The following three schemes are used for comparison.

S16 (Designated YIX-S16)

The discreteordinates set Sn is used in the angularquadrature.To
maintain the same order of accuracy in angular integration at vol-
ume and boundary elements, the fully symmetric discrete ordinates
and weight sets are usually used. The symmetric discrete ordinates
direction sets S16 with a total of 288 angular quadrature points24

were adopted. For the two types of problem considered, it is found
that symmetric discrete ordinates sets are inadequate to handle the
ray effect. Other angularquadraturesets, for example, T n (Ref. 25),
have been used and are also subject to the ray effect. Hence, differ-
ent angular quadrature schemes (which even then may not satisfy
the level symmetric moment-matching requirement) are needed for
more quadraturepoints.2

Simpson’s Rule (Designated YIX-Sp)

For the integral over the solid angle in Eq. (7),

Z Z

4 p

f (h , } ) sin h dh d } =

Z 2 p

0

"Z 1

¡ 1

f (h , } ) d( ¡ cosh )

#
d }

(10)

Both integration ranges [0, 2p ] and [ ¡ 1, 1] are divided into 2m
subintervalsof equalwidth.Supposecos h i = (i ¡ m) / m, the integral

Z 1

¡ 1

f (h , } ) d( ¡ cos h )

can be carried out according to Simpson’s one-third rule:
Z 1

¡ 1

f (x) dx =
2m ¡ 1X

0

Z xi + 1

x1

f (x) dx

=
D x

3
[ f0 + 4 f1 + ¢ ¢ ¢ + 2 f2m ¡ 2 + 4 f2m ¡ 1 + f2m ] (11)

The total number of angular quadraturepoints is Nv =2m(2m + 1),
which may be any desired value.

Fig. 1 Pseudoadaptiveangularquadrature:comparisonofpercentage
of angular rays, using adaptive trapezoidal rule and Simpson’s rule.

Pseudoadaptive Angular Quadrature (Designated YIX-A)

Because the ray effects are due to the limited number of angular
quadrature points in certain directions, it is reasonable to increase
the number of angular quadrature points only in those directions.
The applicationof adaptiveangular quadratureis based on this con-
sideration by using different numbers of angular quadrature points
in differentregionsand in differentdirectionsaccordingto the cause
and the severityof the ray effects. The advantageof an adaptivepro-
cedure is to mitigate the ray effects as much as possible and at the
same time hold the increase in computational time to a minimum.
For the present study, let

cos h i = xi = (1/ m)
h±

2m ¡
p

4m2 ¡ i 2

²
¡ 1

i
(12)

The integral
Z 1

¡ 1

f (h , } ) d( ¡ cosh )

can be carried out according to the trapezoidal rule:
Z 1

¡ 1

f (x) dx =
2mX

1

Z xi

xi ¡ 1

f (x) dx

=
1

2
[ D x1 f0 + ¢ ¢ ¢ + ( D x2m ¡ 1 + D x2m ) f2m ¡ 1 + D x2m f2m ]

(13)

where D xi = xi ¡ xi ¡ 1 = {
p

[4m2 ¡ (i ¡ 1)2] ¡
p

[4m2 ¡ i 2]}/ m,
i = 1, 2, . . . , 2m. The total number of angular quadrature points is
Nv =2m(2m + 1). The discretization of Eq. (12) allows the angu-
lar quadrature to concentrate the abscissa around the xm direction
(Fig. 1). The current scheme is called pseudoadaptive.A fully adap-
tive scheme adjusts the angular abscissa during each iteration, and
the required Nv is very small. An adaptive scheme can either adjust
the abscissa position and weight or add extra abscissa values on the
detectionof the ray effect.The implementationneedsan appropriate
data structure and is left as a future task.

Modi� ed YIX Method

The modi� ed YIX method is a modi� cation of the YIX method
that treats ray effects by dividing the integration in Eq. (3) into
boundary emission, medium emission, and scattering components.
Depending on whether the ray effects are caused by the abrupt
change of emissive power in the medium or at the boundary, the
corresponding emission term is obtained by numerical integration
of the exact integral formulation in a way similar to that in the QM.
The other emission term and the scattering term are solved by the
YIX method.

Results and Discussion
To demonstrate the application of the methods, radiative heat

transfer in a three-dimensional nonhomogeneous participating
medium is studied. The cases selected are 1) a unit cube with all
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Table 1 Conditions for the cases studied

Extinction coef� cient Emissive power Emissive power
Case distribution in the medium at the boundary Scattering albedo

1a j = 0.1 + 0.9[(1 ¡ 4x2) eb = 0 es1 = es2 = es3 x = 1, 0.5, 0.1
£ (1 ¡ 4y2)(1 ¡ 4z2)]2 = es4 = es5 = 0

es6 = 1
1b j = 0.1, 1, 5 eb = 0 es1 = es2 = es3 x = 1

= es4 = es5 = 0
es6 = 1

2a j = 1 eb = 0.5, 0 < z < 0.5 es = 0 x = 0.9, 0.5, 0.1
eb = 1, ¡ 0.5 < z < 0

2b j = 1 eb = 0.1, 0 < z < 0.5 es = 0 x = 0.9, 0.5, 0.1
eb = 1, ¡ 0.5 < z < 0

Fig. 2 Geometry of a volume element integration.

black surfaces exposed to uniform diffuse radiation from its bot-
tom surface z = ¡ 0.5, with the other � ve surfaces cold and an
extinction coef� cient distribution in the medium j (x , y, z) = 0.1 +
0.9[(1 ¡ 4x2)(1 ¡ 4y2)(1 ¡ 4z2)]2 or a constant extinction coef� -
cient of j =0.1, 1, or 5 and 2) a unit cube with a constant extinction
coef� cient j = 1, six cold and black surfaces, and a step change for
the emissivepower in the medium: eb1 =0.5 or 0.1at 0 ·z ·0.5 and
eb2 =1 at ¡ 0.5 · z ·0. The � rst case produces ray effects caused
by the abruptchange in the boundaryconditions,that is, the juxtapo-
sitionof hot and cold surfaces.The second case producesray effects
caused by the nonuniform distribution of the source function. The
latter case is frequently encountered in turbulent � ames and � res
and in some industrial applications.26 The geometry of the medium
and coordinates are similar to that in Fig. 2, and the conditions for
the cases are listed in Table 1. The results are normalized with re-
spect to the emissive power of the bottom surface (case 1) or the
emissive power of the region at ¡ 0.5 ·z ·0 (case 2). The G func-
tion and the heat � ux depend on the position within the enclosure.
In the rectangular coordinate system, the dependence is expressed
in terms of (x , y, z), as shown in Figs. 3–13.

All calculations are carried out by dividing the medium into
Nx Ny Nz volume elements and 2(Nx Ny + Ny Nz + Nz Nx ) surface
elements. The distributionof the integrated intensity in the medium
and the heat � ux at the boundaryare presumed to be piecewise con-
tinuous for all of the methods discussed.The QM results presented
are interpolated values at the nodes used in the other methods. The
YIX methoduses t1 = 0.001, where t1 representsthe � rst integration
point in the optical thickness dimension. The run times of case 1
with x = 0.1 are 7860 s for QM, 4647 s for modi� ed YIX, and
8168 s for YIX-A. Both modi� ed YIX and YIX-A were applied
with Nv =1952. The computational time of YIX-A is proportional
to Nv . All calculationswere performedon a Pentium-Pro 200-MHz
personal computer.

Case 1: Ray Effect Caused by the Stepwise Boundary Condition

Figure 3 shows the integrated intensity along the centerline
x = y =0 in the medium with scatteringalbedo x =0.1 for case 1a.
The medium is divided into 17 £ 17 £ 17 =4913 volume elements
and the surface into 6 £ (17 £ 17) =1734 surface elements. The
QM uses the grid size as the interpolation points to obtain the so-
lution values for comparison. It is seen that the ray effect appears

Fig. 3 In� uence of the ray effect on the integrated intensity along the
centerline x = y = 0 in a cubic medium with a hot black bottom.

Fig. 4 In� uence of the ray effect on heat � ux at the top of a cubic me-
dium with a hot black bottom.

in the YIX-S16 solution of the G distribution. The YIX-Sp solu-
tion with 1980 angular quadrature points and the YIX-A solution
with 1056 angular quadrature points show some difference from
the QM solution. The former has 2.5% rms difference and the lat-
ter 0.08% rms difference. The YIX-A solution with 1952 angular
quadraturepoints is very close to the QM solution with only 0.02%
rms difference.The ray effects are even more obvious, as shown in
Fig. 4 by the heat � uxes at the top surface. Because this surface is
the farthest from the bottom emitting surface, the chance of a par-
ticular angular abscissa misrepresenting either hot or cold surface
is greater. Therefore, larger error occurs. In general, the magni-
tude of the error depends on combining the effects of the extinction
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coef� cient distribution,the albedo, the distancebetween the top and
bottom surfaces, and the relative orientation of the two surfaces.

Figure 4 presents the heat � ux distributionat the top surface of a
medium with scatteringalbedo x =0.1 for case 1a. The ray effect is
evident in the YIX-S16 solutionwith 288 angularquadraturepoints.
Because the ray effect is caused by the approximation of a limited
number of angular quadrature points (in this case, a set of discrete
ordinates), it is expected to be mitigated by increasing the number
of angular directions or Nv . Theoretically, there is no limit to the
maximum number of discrete ordinates, but physically unrealistic
negativeweights are encounteredfor very high-orderlevel symmet-
ric discrete ordinates sets. Therefore, angular quadrature schemes
other than the conventional Sn sets are recommended where nega-
tive weights would not occur for any number of discretized angu-
lar directions. The results obtained by YIX-Sp with 1980 angular
Simpson quadraturepoints show a great improvement in ray effects
compared with those of the YIX-S16 with Nv =288. However, the
computational time of YIX-Sp is much longer (the computational
time is proportional to Nv ), and furthermore, the ray effect is still
evident. This suggests the use of a more � exible angular quadrature
scheme in which the ray effect can be mitigated as much as pos-
sible and at the same time the increase of the computational time
is kept to a minimum. The adaptive angular quadrature is such a
scheme, where the angular quadrature points may be placed in any
manner advantageousto the solutionof the problemat hand. YIX-A
is a pseudoadaptive quadrature method. It is apparent that, by ap-
plying the limited adaptive angular quadrature in the YIX-A with
Nv =1056, the solutions are more accurate than those of the YIX-

Fig. 5 Integrated intensity along the centerline x = y = 0 in a cubic me-
dium with a hot black bottom.

Fig. 6 Integrated intensity along the centerline x = y = 0 in a cubic me-
dium with a hot black bottom.

Sp with Nv = 1980. The solution of the YIX-A with Nv = 1952 is
very close to the QM solution. Unless speci� ed otherwise, all YIX-
A calculations were done with Nv =1952. The adaptive angular
quadraturescheme mitigates the ray effectmore effectivelythan the
YIX-Sp scheme.

Figures 5 and 6 compare the integrated intensity distributions
obtained by the QM and the remedial methods for cases 1a and 1b.
The number of angular quadrature points for the modi� ed YIX is
1952, and that for the YIX-A is 1980.The angularquadraturepoints
are set to be almost the same for convenienceof comparison.For all
three situations with different scattering albedo, the results of the
modi� ed YIX are in very good agreement with the QM results. In
the modi� ed YIX method, the integrated intensity is divided into
the component caused by the incident radiation from the bottom
surface and the component caused by the scattering in the medium;
the former is found by numerical integraion similar to the QM,
and the latter is solved by the YIX method. Because the QM is
expected to give highly accurate results, it shows that ray effects in
the other solutionsare mainly caused by the incident radiation from
the bottomsurface for this case.The resultsby the YIX-A still show
small deviations from the QM solutions because of the in� uence of
the angular quadrature.

In this case, the emissivepower of the mediumeg =0, and the vol-
ume integration in Eq. (3) only includes scattering effect. Because
scattering is simply a redirection process for part of the incoming
intensity, the integrated intensity depends mainly on the incident
radiation from the bottom. Although the integrated intensity in-
creases with an increase in scatteringalbedo, the change is small for
case 1a (Fig. 5). For a � xed scattering albedo, the integrated inten-
sity decreases with the increase of extinction coef� cient (or optical
thickness) due to stronger attenuation for case 1b (Fig. 6).

Cases 1a and 1b heat � uxes at the top surface x = 0 and z = 0.5
are plotted in Figs. 7 and 8, respectively.The heat � ux distributions
include the contributionsfrom both the incidentradiationof the bot-
tom and the scatteringof the medium.The heat � uxat the top surface
increases with an increase in scattering albedo at a � xed extinction
coef� cient distribution for case 1a in Fig. 7. It decreases with an
increase in extinction coef� cient at constant scattering albedo for
case 1b in Fig. 8. The ray effect can be seen from the solutions by
the YIX-A method at j = 0.1 in Fig. 8 because the ray effect is most
evident when the optical thickness is small.

To conductquantitativeerroranalysis,thevaluesof theheat � uxat
the top surface x =0 and z =0.5 for case 1a are tabulated (Table 2).
The rms error with respect to the QM results is presented. The rms
error is calculated according to the following relation:

r m =

vuut
nX

1

³
q ¡ qQM

qQM

2́,
n (14)

where the QM solution is used as the basis for comparison. The
error numbers reported in Table 2 are based on the comparison of
all surface elements. It can be seen that the rms error for modi� ed
YIX is the smallest. The rms error for the YIX-A is greater than that
for modi� ed YIX. This is because the results obtained by YIX-A

Table 2 Heat � uxes through top surface (x = 0; z = 0:5) and their
standard deviations (case 1a, ! = 0:1)

Modi� ed
y QM YIX YIX-A YIX-Sp YIX-S16

0.00000 0.15043 0.15046 0.14993 0.14703 0.17874
0.05882 0.15044 0.15046 0.15014 0.14586 0.16593
0.11675 0.15041 0.15044 0.14984 0.15027 0.14502
0.17647 0.15025 0.15028 0.15013 0.15158 0.16385
0.23529 0.14980 0.14982 0.14947 0.14405 0.17066
0.29412 0.14883 0.14886 0.14822 0.14235 0.17959
0.35294 0.14711 0.14713 0.14735 0.14493 0.16124
0.41176 0.14435 0.14437 0.14488 0.14736 0.13085
0.47059 0.14030 0.14032 0.13975 0.15036 0.13840
r m (%) 0.00 0.015 0.56 5.06 12.8
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Fig. 7 Heat � ux at the top of a cubic medium with a hot black bottom.

Fig. 8 Heat � ux at the top of a cubic medium with a hot black bottom.

depend on the order of the angular quadrature. The rms error for
YIX-Sp is at least one or two orders of magnitude larger than those
of the modi� ed YIX and YIX-A. The rms error for YIX-S16 is the
greatest.

Case 2: Ray Effect Caused by a Stepwise Emissive Power
in the Medium

For this case, two situations are considered: the emissive power
of the medium eb =0.5 or 0.1, in the upper half, and eb = 1, in the
lower half. The element number in the z coordinate direction is
chosen to be even, considering that the emissive power has a step
change in the middle of the medium, that is, z = 0. The medium is
divided into 16 £ 16 £ 16 =4096 volume elements and the surface
is divided into 6 £ (16 £ 16) = 1536 elements for the convenience
of calculation and comparison.

Cases 2a and 2b YIX-S16 solutions for the heat � ux at the top
surface (x = 1

32 and z =0.5) with the scattering albedo x =0.1 are
compared with the QM solutions in Fig. 9. The heat � uxes from
YIX-S16 deviate signi� cantly from the QM results at y = §0.35
due to the ray effect. The absolute error is 0.0072, and the relative
error is 2.76% for case 2a, whereas errors for case 2b are 0.012 and
10.7%, respectively.Because the only difference between cases 2a
and 2b is the extent of the step change in the emissive power of the
medium, this demonstrates that the greater this change, the stronger
the ray effect.

Figures 10 and 11 show the integrated intensity along the line
x = y = 1

32 in the medium with different scattering albedo for
cases 2a and 2b. In both cases, the medium has a uniform extinc-
tion coef� cient j =1. The volume integrationin Eq. (3) includesthe

Fig. 9 In� uence of the ray effect on heat � ux at the top of a cubic me-
dium with a discontinuous distribution of source function.

Fig. 10 Integrated intensity along the line x = y = 1
32 in a cubic me-

dium with a discontinuous distribution of source function.

Fig. 11 Integrated intensity along the line x = y = 1
32 in a cubic me-

dium with a discontinuous distribution of source function.

contributionsfrom both emissionand scatteringof the medium. The
medium emission term is the driving source of the radiative transfer.
This means the integratedintensitydependsstronglyon the emission
of the medium for this case. However, the contributions from both
emission and scattering are controlled by the scattering albedo. As
the scattering albedo increases, the contribution from the emission
decreases, as does the ray effect, if it exists in the solution meth-
ods. Therefore, the integrated intensity decreases with an increase
in scatteringalbedo.By comparingFigs. 10 and 11, one can see that
the integrated intensity values for case 2a are greater than those for
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Fig. 12 Heat � ux at the top of a cubic medium with a discontinuous
distribution of source function.

Fig. 13 Heat � ux at the top of a cubic medium with a discontinuous
distribution of source function.

case 2b. This is because the emissive power in the upper part of the
medium for case 2a is greater than for case 2b.

Among the remedial calculation methods, the modi� ed YIX so-
lution has very good accuracy.The YIX-A solution still show small
deviations from the QM solution due to the in� uence of angular
quadraturepoints.The increaseof Nv or a better placementof angu-
lar quadraturepoints will improve the solution accuracy.Figures 12
and 13 show the heat � ux for cases2a and 2b. They exhibit the same
error trend as in the results of the integrated intensity distribution.
Note that the ray effect will be less evident in optically thin medium
due to the very weak medium emission. This is opposite to that
shown in Fig. 8 of case 1b.

Conclusions
Abrupt variationof theboundaryconditionsor of the source func-

tion in the medium can lead to ray effects in methods relying on
discrete angular quadrature. Mitigation of these effects is achieved
by 1) splitting the radiative intensity into the driving (emission or
irradiation) and scattering components and then computing the for-
mer by numerical integration of the exact integral formulation and
solvingthe latter by the YIX method or by 2) usingadaptiveangular
quadrature, concentrating any desired quadrature points in the di-
rections with step changes in emissive power. Our results show that
the � rst approach is consistentlymore effective than the second, but
the second is much easier to implement than the � rst. Both methods
are more effective than simply increasing the angular quadrature
order, as shown by the YIX-Sp and YIX-S16 results.
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